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APPROXIMATION OF CLASSES OF FUNCTIONS DEFINED BY 
A GENERALIZED r-TH MODULUS OF SMOOTHNESS 

M. K. POTAPOV AND F. M. BEPJSHA 

Dedicated to Proffesor P. L. Ul'yanov on the occasion of his 70-th birthday 



Abstract. In this paper, a fc-th generalized modulus of smoothness is defined 
based on an asymmetric operator of generalized translation and a theorem is 
proved about the coincidence of class of functions defined by this modulus 
(2JQ[ and a class of functions having given order of best approximation by algebraic 

r-{ , polynomials. 



Introduction. In paper ]4 , an asymmetric operator of generalized transla- 
tion was introduced and by means of it the corresponding generalized modulus of 
smoothness of first order was defined. Then a theorem was proved about coinci- 
dence of the class of functions defined by this modulus with the class of functions 
having a given order of best approximation by algebraic polynomials. 
c*j ■ In the present paper, analogous results are obtained for the generalized modulus 

of smoothness of order r. In addition, the space in which the theorem of coincidence 
of the corresponding classes of functions holds true is widened. 



1. For 1 < p < oo, as usual, L p denotes the set all measurable functions / on [— 1, 1] 
for which 

Jf: ii/ii P = (/_j/(*)Rz) P <co. 

For p — oo, Loo is the space of all continuos functions / on [—1, 1] with a norm 
00 : Il/Iloo^maxj/Or) 

o: 

■ Denote by L Pj0l> p the set of functions / such that f(x)(l — x) a (l + x) IJ £ L p , and 

set 



ll/IUp = ll/(*)(i-^°(i + ^l 

X ; By E n (f) P , 

,y3 we denote the best approximation of / £ L Pj a t p by algebraic 

polynomials of degree not greater than n — 1 in i p , Qj( g metrics, that is, 



En(f)p,a,fi = p if ?n 11/ " Pn\\ Pta ,p . 

where V n is the set of algebraic polynomials of degree not greater than n — 1. 

By E{p, a, /3, A) we denote the class of functions / £ £ p ,a,/3 satisfying the condi- 
tion 

En{f)p,a,0 < Cn-\ 

where A > and C is a constant not depending on n (n £ N). 
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For functions / we define the operator of generalized translation T t (/, x) by 



T t (f,x) = 



— — / [ 1 — ( x cos t— \f\ — x 2 sin t cos ip) — 2 sin 2 t sin 2 ip 

+ 4 (l — a; 2 ) sin 2 t sin 4 tp^J f(x cost — \/l — x 2 sin t cos <y9) d</j. 

By means of this operator of generalized translation we define the generalized 
difference of order r by 

A, 1 (/,*) = A, (f,x)=f t (f,x)-f(x), 

&ti,...,t r (/, *) = A tr (A! (/, x),x) (r = 2, 3, . . .), 

and the generalized modulus of smoothness of order r by 

& r (f,S) Pta ,0 = sup jA^.^Cf.aOll (r = l,2,...). 

|*«|*=1 r<<5 

Consider the class H (p, a, /?, r, A) of functions / € L p ^ a .p satisfying the condition 

Ur(f,S) p , a ,f) < CS\ 

where A > and C is a constant not depending on 5. 

The aim of the present paper is to prove the following statement 

Theorem 1.1. Let p, a, P and r be given numbers such that 1 < p < oo, r G N; 

l-^-<a<3--, l-J-</3<3-- forl<p<oo, 
2p p Ip p 

1 < a < 3, 1 < P < 3 forp = oo. 

Then, for any A satisfying the condition 

\ = 2max(\a-p\,a-^ + ± } ,P-~ + ±) < A < 2r 

t/ie cZass H(p,a, P,r, A) coincides with the class E(p,a, P, A). 

The validity of Theorem ll.il will follow from the validity of Theorems I4.3l and l4.4l 
which we are going to prove below. 

2. Put y — cos z — — cos <p in the definition of T t (/, x) and denote the resulting 
operator by T y ( f, x). Let us rewrite it in the form 

+ 4 (l-, 2 ) (l-y 2 ) (l-z*f)f{R)-^L=, 

where i? = xy—zy/l — x 2 \J\ — y 2 . We define the operator of generalized translation 
of order r by 

T y *(f,x)=T y (f ) x), 
T r Vl _ Vr if. x) = T yr (v;. 1 ;/ (/, x),x) (r = 2, 3, . . . ). 

By pj) a '^\x) (y = 0,1,...) we denote the Jacobi polynomials, i.e. algebraic 
polynomials of degree v orthogonal on the segment [—1,1] with a weight (1 — 
x) a (l + x)P and normalized by the condition P{f'^\l) = 1 (y = 0, 1, . . . ). 
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For any integrable function / on [—1, 1] with a weight (l — a; 2 ) 2 , we denote by 
a n (f) the Fourier- Jacobi coefficients of / with respect to the system of Jacobi 

polynomials I P^' 2 \x)\ , i.e. 

a n (f) = J f(x)Pi 2 ' 2) (x) (1 ~ dx (n = 0, 1, . . . ). 
Introduce certain operators which will play an auxiliary role later on. First we 

set 



Ti-, v (f,x) = Al l _ x2) £ (1 - R 2 2 (1 - y 2 ) (1 - z 2 )) f(R) 



dz 



T 2 - y (f,x) = — / (l-z 2 Yf(R) 



J 1 ' 

dz 



3W-i > ' v 'y/T 



where R = xy — z\/l — x 2 yj\ — y 2 , and then define the corresponding operators of 
order r by 

T k;y (/> X ) = T k;y (/> X ) , 

Tl vu ...,y r (/, x) = T fcWr (rr :;/ : p (/, .r ;..,•) (r = 2, 3, . . . ) 

for fe = 1,2. 



Lemma 3.1. Let f € Lp, a ,ti & n d let the numbers p, a, ft, p, a and X be such that 
1 < p < oo, p > 0, a > 0, A > Ao = 2 max{p, cr}; 

a > — , /3> — /or 1 < p < oo, 

a > 0, /3 > /or p = oo. 

If there exists a sequence of algebraic polynomials {P2 n (x)}^L such that 

Ci 
2'' 

then the following inequalities also hold true 



/ - ffc" \\p,a+p,/3+<T < 7^-, 



where the constants C\ and Ci do not depend on n. 

Lemma 13.11 was proved in [5] . 

Lemma 3.2. Let P n (x) be an algebraic polynomial of degree not greater than n — 1. 
1 < p < oo, p > 0, a > 0. Assume that 

a > — , (3 > — for 1 < p < oo, 
p p 

a > 0, /3 > for p = oo. 

Then 

ll^)IU +i ,^<Cin||PnlU^ 
||P„|| p ^<C- 2 n 2m -^)||P„|| piQ+p/3+(7 , 
where the constants C\ and Ci do not depend on n. 
Lemma was proved in pQ . 
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Lemma 3.3. The operators T\. y and T 2 - y have the following properties 
T 2]y (p^\x)=P^\x)P^{y) 

for v = 0,1,... 

Lemma 13.31 was proved in [3]. 

Lemma 3.4. Let g( X )T k . y (/, x) £ £1,2,2 for every y. Then for k — 1,2 the follow- 
ing equality holds true 

1 f i 



-1 



f( x ) T k:y (5, (l - £ 2 ) ete = / g( X )T k . y (/, 1) (l - x 2 ) cfe 



Proof. Let k = 1 and 



Jl := J f{x)T x . y (g, X )(l- X 2 ) 2 d X 



' ' /(x) 3 (i?)(l-i? 2 -2(l- y 2 )(l-z 2 ))(l-x 2 ) ' 



2 • 



where R = xy — z \/l — X 2 ^/l — y 2 . Performing change of variables in the double 
integral by the formulas 



Ry + Vy/l -R 2 ^l-y 2 , 



(3.1) Ry/T=tf-Vyy/T=W 

J 1 - (By + WT^W^l - y 2 ) ' 

we get 

h = - I I (1 - R 2 ) f (Ry + vVi-^V^y 2 ) g(R) 



-1 j-i 



1- (Ry + V^l-R 2 ^l-y 2 ) 2 -2{l-y 2 ) (l - F 2 ) J 



dVdR 

Vi - v 2 



J 9{R)T lw (f,R)(l-R 2 ) 2 dR, 



which proves the equality of the lemma for k = 1 . 
Let k = 2 and 



'2 



1 

f{x)T 2 (g,x) (l - x 2 ) 



1 



1 ' ' 2\ 2 2\ 2 rf^^a; 



/(a;) ff (ii) (l - a: 2 )^! - z 2 ) 



^J-iJ-i Vi - ^ 2 

Performing again the change (|3.ip in the double integral we get 

h = h j_ j_ 1 i Ry + v ^ l - R2 ^v i ) 9{R) (1 - R 2 ) 2 

x (1 - V 2 ) 2 ^£L= = I' 3 (i?)T 2;y (/, i?) (1 - i? 2 ) 2 dfl. 
Lemma I3~4l is proved. □ 
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Corollary 3.1. If f € £1,2,2, then for every r 6 N we have T£. r r (f 7 x) £ £1,2,2 
(A; = 1,2). 

Proof. Put g(x) = 1 on [—1,1]. Taking into account that by Lemma 13.31 

T, :y = T hy (jf V) = p^\ x )pr ] (y) = \y 2 - \, 

T 2 . y (l,x) = l, 

we clearly have f{x)T k . y (l,x) G £1.2,2 (k — 1,2). Hence, applying Lemma T3.4I we 
derive the relation 

T fe . B (/,a;)(l- : r 2 ) 2 ^= f' f(x)T k . y (l,x) (l - x 2 ) 2 dx (k — 1, 2), 
-1 J-i 

which implies that T fc {f,x) € £1,2,2- Now the corollary can be proved by induc- 
tion. □ 

Lemma 3.5. £e£ / be an integrable function on [—1,1] with a weight (l — a; 2 ) 2 . 
For every natural number n the following equality holds true 

/l n-2 
T lw {f 1 x)P^ 1 \y)dy=Y J a m (fh m (x), 

where "f m (x) is an algebraic polynomial of degree not greater than n—2, and"f m (x) 
/or n = or n = 1 . 

Lemma 13.51 was proved in [3] . 

Lemma 3.6. £ei q and to be given natural numbers. Let f be an integrable function 
on [—1, 1] with a weight (l — ir 2 ) . Then for every natural numbers I and r (I < r) 
the function 

C n r / sin mts \ 2g+4 

Q [ l\x)= ... £i ;costl ,..., cosfi (/,x)n — -H smH s dt x ...dt r 
Jo Jo s=1 \ sm y J 

is an algebraic polynomial of degree not greater than (q + 2) (to — 1). 

Proof. In this paper we denote, for simplicity, 



, mt \ 29+4 

A(t) 



sm 2 
sin I 



Since 

(q+2)(m-l) (g+2)(m-l) 

A(t s ) = J3 a fe cosfci s = ^ b k (cost s ) k , 

k=0 k=0 

it follows that 

(g+2)(m-l) (g+2)(ro-l)+2 

A(t s )sin 2 t s = ^ b k (cost s ) k (l - cos 2 t s ) = c k {cost s ) k 

k=0 k=0 
(g+2)(ra-l)+2 

^ o fc P fc (1,1) (cost.) (s = l,2,...,r). 

k=0 
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Hence we have 

(g+2)(m-l)+2 



V / 1 pit pit ' 

E a k ... A(t s ) sin 3 t s dti .. .dti^idti + i .. .dt r 

fc=0 J ° J ° 8=1 



x / cost (f,x)P^ 1 \cost l )smt l dt l . 



" l;cos ti ,. . ..cos ti 

Let 

/'7T 

¥>i,fc(x):= / I? iCOBtl ,... 1 co B t,(/>*)^fc 1 ' 1) («»*l)sj J i*l*l 

T i;co St! ( T i^osti,...,cost 1 _ 1 (Z'^xJ fi 1 '^ (cost;) sin tidij 
Substituting y = cos ij we obtain 

W,fc(x) = y T x . y (rl~l stu costi i (/,x),xj Pl hl \y)dy. 
Then, by Lemma |3.5[ 

fc-2 .1 

= E / ^^ sti ^. costi i (f,R)P£ 2 \R) (l-R 2 ) 2 dR. 

m=0 



On the bases of Corollary I3.lt we conclude that T 1 . c l sti ... cosi (/, iZ) € £1,2,2- 
Applying now Z — 1 times Lemma 13.31 we obtain 



<Pl,k{ x ) 

fc-2 „i 

E / Ct, ™t,.,(/.fl)^ tl . 1 (^U) (l-^ 2 ) 2 dR 

™ — n ■/— 1 



m=0 



fc-2 „l 

E 7™(*)Pi°;°2W*-i) / ^- 2 Btli ... )COBt| _ 2 (f,R)PgV(R) (1 - i? 2 ) 2 dP 
™=o 

= J2 JmWP^hcosh) . . . F^Wi-i) /' }{R)P^ 2) (R) (1 - i? 2 ) 2 dfl 

m=0 

fc-2 i-1 

= E 7m(a:)am(/) II P m+1( cos ^)> 

m— s— 1 

where a m (f) is the Fourier- Jacobi coefficient of the function / with respect to the 
f (2 2) 1 00 

system < Pm (x) f . Substituting the last expression of (pi fc(x) in the formula 

I. > m=0 

above for Q^(x) we get 

(g+2)(m-l)+2 fc-2 
Ql\ X )= E ak E Prnlra{x). 



fc=0 m=0 



Since 7 m (x) is from V^-x for k > 2 and 7 m (x) = for fc = and fc = 1, then the 
last equality yields that Q x \x) is an algebraic polynomial of degree not greater 
than (q + 2)(m- 1). 

Lemma is proved. □ 
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Lemma 3.7. Let q and m be given natural numbers. Let f be an integrable junction 
on [— 1, 1] with a weight (l — x 2 ) . For every natural numbers I and r (I < r) the 
function 

pit /*7T T 

Q 2 l \x) = ... Ti tCOStu ^ iCOSti (f,x)Y[A(t s )sm 5 t s dt 1 ...dt r 

JO JO ! 



s=l 



is an algebraic polynomial of degree not greater than (q + 2)(m — 1). 
Proof. As shown in Lemma 13.61 

(«+2)(m-l) (g+2)(ro-l) 



A(t s )= J2 h(cost s ) k = PkPr 2 ' (costs) (s = l,2,...,r). 



3 (2,2), 

k=0 k=0 

Hence 

( 9 +2)(m-l) 



<32 ) (a ; )= XI Pk ■■■ J\ A (ts) sin 5 t s dt 1 ...dti- 1 dt l+1 ...dt r 
k=o Jo Jo s =i 



x / rj. OOBtl) ... i00 , tl (/,a;)P^(cost,)sin ,, iidti. 



Let 

^,fc(z):= / ?2. C08tli ... iC08tl (/,z)pf' 2) (cos i z ) sin 5 i,d*z 



r 2;cost( cosi Pf 2) (cost,) sin 5 t,dt,. 



Substituting y = cos t/ we obtain 



iM*) = J_T 2 . y (vl„U co8< , ^ 2 ' 2) (y) (i - y 2 ) 2 dy. 

Since the operator T2 ;J/ (/, a;) is symmetric with respect to x and y (i.e. T 2 . y (g, x) 
T 2 . x (g, y) for every function g), we have 

= / T 2;x (n-l sti _ costi i (f,y),y) pf 2) (y) (l-y 2 ) 2 dy. 



Note that, in view of Corollary O 33 1 ^t 1 ,...,c«t,_ 1 (/>!/) e £1,2,2- Then, by 
Lemma [ 



iM*) = / i ia^.t 1 ,...,co.t I _ I U,y)T 2 , x (pf 2) ,y) (1-y 2 ) 2 di/. 

Using the property of the operator T 2 - x described in Lemma 13.31 we get 

Mx) = pf 2) (z) [ 'LI, , (f,y)Pt 2 ' 2) (y) (1 - y 2 ) 2 dy. 

Now we apply I — 1 times Lemma 13.31 and arrive at the expression 
i>i,k{x) = P ( ^ 2 \x)P ( l ' 2) (cos*i) . . . P fe C2 ' 2) (cos*;-i) 

x f f{y)P { l' 2 \y)(l-y 2 ) 2 dy = P^ 2 \x)a k {f)^P^ 2 \cost s ). 

8=1 
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where a k (f) is the Fourier- Jacobi coefficient of the function / with respect to the 

f (2 2) ~]°° 

system <P^''[x)> . Substituting the last expression of ipi^ix) into the formula 
I J k— o 

for Q%' (x) above, we finally get 

(g+2)(m-l) 

(2 2) (I) 

Since Pj: ' (x) belongs to V k +i, it is seen from the last identity that Q\ ' (x) is an 
algebraic polynomial of degree not greater than (q + 2) (to — 1). 

The lemma is proved. □ 

Lemma 3.8. The operator T y has the following properties 

(1) T y (/, x) is linear on f; 

(2) T 1 (f,x) = f(x); 

(3) T y (p£' 2 \x) = Pt 2 \x)R n (y) (n = 0,1,...), 

where R n (y) = p£$(y) + § (l - y 2 ) P^ 2 \y); 

(4) T y {l,x) = l; 

(5) a k (T y (f,x)) =R k (y)a k (f) (fc = 0, 1, . . . ). 

Lemma 13.81 was proved in [4]. 

Corollary 3.2. If P n (x) is an algebraic polynomial of degree not greater than 
n — 1, £/ien /or every natural number r and any fixed y\, y%, . . . , y r> the functions 
T yi yr (P n , x) are algebraic polynomials of x of degree not greater than n — 1 . 



Lemma 3.9. If —1 < x < 1, —1 < z < 1, < t < ir and R = xcost — zyl — x 2 x 
shit, then — 1 < R < 1 and 

(l-z 2 ) (l-z 2 )<(l-i? 2 ), 

(l-y 2 ) (l-z 2 )<(l-i? 2 ), 



[x^/l-y 2 + yz^/l-x 2 j <{l-R 2 ), 

1 -x 2 < (7(1 -i? 2 +t 2 ) , 

1 < C(l -R + t 2 ) , 

1 + x <C (l + R + t 2 ) , 

where y = cost and C is an absolute constant. 

Lemma 1331 was proved in [3] and [3J. 

Lemma 3.10. Let p, a, f3 and 7 be given numbers such that 1 < p < 00, 7 
min{a,/?}, and 

7 > 1 — — for 1 < p < 00, 
2p 

7 > 1 for p = 00. 

Let e, < e < ^, be an arbitrary number. Define 

a- (3, if a > [3 _ J 0, if a > /3 

0, i/a</3, 72 "1/3 -a, i/a<£, 



; 1 i/7>!-^ 




2 1 2p 



i /7<|-^, 
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73 



while, for p = 1, 

7-1, «/7>l 
0, j/ 7 <l- 

Let R = xcost — z\J\ — x 2 sini. Then, for every measurable function f on [— 1, 1] 
the following inequality holds 



dz 



< c(||/|| p , Q ^ + i 2(71+72) ||/|| P , Q - 71 ,/ j - 72 +t 273 ||/||^- 73 ,0- 7 3 

i +2(71+72+73)11 /■ II ^ 

' b \\J llp,a-7i— 73, P— 72— 73 / 1 

where the constant C does not depend on f and t. 

Proof. If at least one of the terms on the right-hand side of the inequality is not 
finite, then the lemma is obvious. 

Suppose now that all the terms on the right-hand side of the inequality are finite. 

Let a > /?. We first consider the case 1 < p < 00. Clearly 



(3.2) I:-- 



1 



1 -x 2 
1 



(i-R 2 )\f(R)\ 



dz 



vT 



\f(R)\ (1 



If p — 1, then 



2\-V2 



/ < 



(1 - R 2 ) dz 



\f(R)\Sdzdx, 



where 



6 = (1 - z 2 y 1/2 (1 - R 2 ) (1 - x 2 ) - 1 (1 - x) a -P. 
Let (3 < 1 . Then, in view of Lemma 13.91 

6 = (1 - z 2 )^ ((1 - z 2 ) (1 - x 2 ))^ 1 (1 - i? 2 ) (1 - xT"? 

< c x (1 - z 2 )~ 1/2 ((1 - z 2 ) (1 - x 2 ))^ 1 (1 - r 2 ) (1 - i? + i 2 ) Q ~^ 

= Ci*i(x,«,JI). 

Suppose that f3 > 1. Making use of Lemma T3.9l we see that 

5 < C 2 (1 - z 2 ) ~ 1/2 (1 - i? 2 ) (1 - i? 2 + t 2 )^ 1 (1 - R+ t 2 ) a - p 

= C 2 5 2 (x,z,R). 

Incorporating these estimates for 6 we get the inequality 



1 r i 



I<C 3 



\f(R)\S k (x,z,R)dzdx (k = 1,2), 



1 J-i 



which, after the change of variables (|3.1[) . takes the form 



I ^ c aJ y \f(R)\S k (R,V,R)dVdR (fc = l,2). 



Set 



:= (l- J R 2 ) /J (l-i? + < 2 ) Q_/3 

< C 4 ((1 - R) a (l + Rf + t 2(a -^ (1 - R 2 )^ , 
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S 2 (R) := (1 - R 2 ) (1-R 2 + t 2 )^ 1 (1-R + i 2 )"^ 

< C 5 ((1 - R) a (l + Rf + t 2 ^ a '^ (1 - R 2 f 

+ t 2 ^~ l \l - R) a -P +1 (l + R)+ t 2 ^ (1 - R 2 ) ) . 

Then clearly 

I<C 6 J \f(R)\6 k (R)dR (k = 1, 2). 
The last inequality and the estimates for Sk(R), given above, yield 

I <C 7 (||/||l, aij 9+t 271 ||/||l,a- T1 ^ + ^11/111,0 -73, (9-73 

_i_ i (71+73) iuii 1 Q _^ i _^, 3 ^_ 73 ) , 

where the constant C7 does not depend on / and t. Hence the lemma is true in the 
case p = 1 . 

Assume now that 1 < p < 00. Applying Holder's inequality to the inside integral 
in (|3.2p we get 

\f(R)\ (1 - z 2 y^ +1 - b (1 - R 2 ) (1 - " 

x (1 - xf^-^il + xf^Ux <C 8 f f \f{R)\ p >cdzdx, 



where 

x = (1 - z *) (l - iff (1 - (1 _ a;) p(a-« j 

& is an arbitrary positive number, the constant Cs does not depend on t and the 
function /. 

Let (3 < I — j-. Put 6 = I — ^ — /?. Applying Lemma [331 we derive the estimate 



< C 9 (1 - z 2 y 1/2 ((1 - z 2 ) (1 - x 2 )) p{fi - 1] (1 - i? 2 ) p (1-R+ t 2 ) p{a - 0) 



= Cgj<i(j:, 0, R). 

Let /3 > I — i. Put b = e, where e is an arbitrary number belonging to the 
interval < e < i. Again by Lemma |3"U1 we see that 

x < C 10 (1 - z 2 )~ 1/2 ((1 - z 2 ) (1 - x 2))-i +p d-t) (! _ R 2y 

x (1 - i? 2 + OM+£-hO (1 _ R + eyfr-fi) = Cwm{X) Zt R) , 

Using these estimates for n we get the inequality 

T ^ C ^J J \f(R)\ p Xk(x,z,R)dzdx (A = 1,2). 
and consequently (after the changes of variables (|3.1l0 . 

I<C U J J Jf(R)\ p >c k (R,V,R)dVdR (A: = 1,2). 

Set 

ki(R) := (l-R 2 ) P/3 (l-R + t 2 ) p{a - p) 



< 



C12 ((1 - R) pa (l + R) pP + t 2pl - a -P ] (l - i? 2 ) p/3 ) , 
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k 2 (R) := (1 - i?2)-i+p(f-) ^ _ R 2 + t y(/»-i+£+<0 ^_ R + t 2y(<*-P) 
< Ci 3 ^(1 - R) pa (l + Rf' 3 + t 2 ^ a -^ (1 - R 2 ) pf> 
+ t 2 p(P-i+^+ s ) (i - i?)p(«-/ 3 +l~i- £ ) (i + Ry{l-&- e ) 

Then clearly 

I<C 14 J Jf(R)\ p k k (R)dR (fc = l,2). 
From the last inequality and the estimates of (R) we obtain 

I < Cisf ||/||p >a)j g + £ 2P71 ll/llp )a -7i,^ + ^ 2P73 ll/llp, a - 73 , / g- 73 

i +2p(7i+T3)|| f IIP ^ 
~ II-' Mp,ci£ — 71-73, 0-13 J ' 

where the constant C15 does not depend on / and t. This shows that the lemma is 
true in the case 1 < p < 00 as well. 
Now let p = 00. Consider the integral 

J := ^ \ f(R)\ (1 - z 2 )' 1 ' 2 (1 - R 2 ) (1 - x)"- 1 ^ + xf- 1 dz 

= J \f(R)\\dz, 

where 

a = (1 - z 2 y 1+b (1 - R 2 ) (1 - x 2 )^ 1 (1 - xt-p (1 - z 2 y~ b 

and 6 is an arbitrary positive number. 

Let ft < |. Put 6 = I — /?. Applying the estimate from Lemma 1531 we get 

A = (l — z 2 )^ (1 - i? 2 ) ((1 - z 2 ) (1 - z 2 ))^ 1 (1 - x) a ~P 

< C w (1 - z 2 y- p (1 - i? 2 )^ (1-R+ t 2 ) a - p = C 16 (1 - z 2 )^ Ax(i2). 

Let /3 > |. Put b — e, where e is an arbitrary number from the interval < e < \. 
Applying again Lemma 13.91 we see that 

A = (1 - z 2 y 1+e ((1 - z 2 ) (1 - x 2 )y~ £ (1 - R 2 ) (1 - x 2 y~' i+e (1 - 

< Cvt (1 - z 2 )~ 1+£ (1 - R 2 ) i_E (1 - i? 2 + t 2 )^ l+e (1 - i? + i 2 )"^ 

= C 17 (l-z 2 )- 1+£ A 2 ( J R). 
Using these estimates for A and taking into account the relations 
Ai(i?) < C 18 ((1 - R) a {\ + Rf + t 2{ - a ~V (1 - i?Y ) , 

M{R) < C 19 ([l-R) a {l + Rf +t 2{a - f ^ (l~R 2 f 

+ t 2 ( fj -i+ £ )(l - R) a -P+i-%l + + t 2 («-i+ £ ) (1 - R 2 ) \ , 
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for k = 1, 2 we obtain 

J < C*2o _miK <i |/(i?)|Afe(i?) < C 2 i (||/||oo,a,^ + ll/H 



+ ^ 73 II /II cx), a— 73,(3-73 + i 73 || /|| 00,(1-71—73,(3-73) 5 



where the constant C21 does not depend on / and t. This proves the lemma for 
p = 00. 

Thus, the lemma is proved for a> (3. The case a < j3 goes similarly. We omit 
the details. The proof is complete. □ 



Theorem 4.1. Let p, a, (3 and 7 be given numbers such that 1 < p < 00, 7 
min{a,/?}. Assume that 

7 > 1 — — for 1 < p < 00, 
2p 

7 > 1 /or p = 00 . 

Lei e be an arbitrary number belonging to the interval < e < ^ . Lei 
a — /3, if a > (3 



7i 



5et /or 1 < p < 00 



and 



0. 



73 



ifa<[3, 



72 



0, ifa>f3 
fi — oi, if a < (3. 



2 ' 2p 



0. 



i + e, /or 7 > § - i 



73 



7 — 1 . /or 7 > 1 
v 0, /or 7 <l 
for p = 1 . TTien i/ie following inequality holds true 

I^^^^L^,^ ^ c7 (ii/n^ a ^+ £2( " i+ ' r2) 11/11^^,^ 

I +273 II rll , i2(7i+72+73) II f\\ 

\\J Hp, a — 73, /3 — 73 ll-' Hp, a 

where the constant C does not depend on f and t. 
Proof. We have 

A\f(R)\ ' L 



'7l-73,/9-72-73 





1 


1 f 


T t (f,x) 


< - 


1 - x> 1- 


p,Q,/3 7T 



where R = xcost — z\/l — x 2 sini, 

A = 1 - R 2 - 2 (1 - x 2 ) sin 2 * + 4 (l - .t 2 ) (l - z 2 ) 2 sin 2 i. 
Using Lemma [331 we get 

A < 1 - i? 2 + 2 (1 - i? 2 ) + 4 (1 - i? 2 ) 2 < 7 (1 - i? 2 ) . 

Hence 



r t (/» 



7 

< - 

p,a,/3 7T 



1 



1 - a; 2 



2\ 



1-^ 1/(^)1 



p,a,/3 



Now the theorem follows from Lemma [3.101 



□ 
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Theorem 4.2. Let q, to and r be given natural numbers and let f € £1,2,2 • The 
function 



(7m Y 



7T f>7T 



Q( X ) = -J—I .../ (Al_ tr (f,x)-(-iyf(x)) 



Jo 



x TT A(t s ) sin 3 t s dti . . . dt ri 

s=l 

where 

7 m = / A(t) sin 3 t dt, 
Jo 

is an algebraic polynomial of degree not greater than (q + 2) (to — 1). 

Proof. To prove the theorem it is sufficient to show that for every I = 1, . . . , r the 
function 

Q^(x) = —— ... T^ stu ,^ stl (f,x)l[A(t s ) sin 3 t s dt x ...dt r 

\lm) Jo Jo s=1 

is an algebraic polynomial of degree not greater than {q + 2)(to — 1). 
It is obvious that the function Q^ l \x) can be written in the form 



where Q^(a;) and Q^\x) are the functions from Lemmas 13.61 and 13.71 respectively. 
But then it follows from Lemmas 13 . 61 and [3.71 that Q^ix) is an algebraic polynomial 
of degree not greater than (q + 2) (to — 1). 

The theorem is proved. □ 

Theorem 4.3. Letp, a, ft, r and A be given numbers such that 1 < p < 00. A > 0. 
r £ N. Assume that 

a<2, /3 < 2 forp = l, 

a < 3 , /3<3 for 1 < p < 00. 

Let f € Lp, a ,p an d 

Wr(/,*)p,a,/8 < M8 X . 

Then 

E n (f) p ,a,0 < CMn-\ 
where the constant C does not depend on f, M and n (n € N). 

Proof. Under the conditions of the theorem, if / £ £ P , Q ,^, then / £ £1.2,2- Indeed, 
for p = 1 we have 

ll/lli Aa = f 1/(^)1(1 ~ ^) Q (1 + xf{l - xf- a {l + xf-P dx < C x 11/11 w 

provided a < 2 and j3 < 2. For 1 < p < 00, by Holder's inequality, 

i/p 

Il/Ill,2,2 < <| / + 

xW (l-x)^ a ^(l + xf-^dx\ ~ =C a ||/|| Pia>jS 
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for a < 3 — - and (3 < 3 — - . For p — oo we have 



ll/llw < Wf\L, a ,p / (1 ^ ^""(l + ^ dx = C 3 ll/H 



/9 

^ — i 

provided a < 3 and P < 3. 

We choose a natural number g such that 2g > A, and for each n G N we choose 
a number m € N satisfying the condition 

n — 1 7i—l 

(4.1) < m < h 1. 

1 y g + 2 "g + 2 

For these q and m the polynomial Q(x) defined in Theorem 14. 2 1 is from V n . Hence 

E n (f) P , a ,p<\\f(x)-(-l) r+1 Q(x)\ 



(7: 



-^r / ■ • • / A£ tr (/, x) Y[ A(t s ) sin 3 1, dh . . . dt, 

m) JO JO g=1 



p,a,/3 



Applying the generalized inequality of Minkowski we obtain 



K(f) P ,a,p < 7-^ / ••■/ ||A t r li ... itr (/ l x)|| JjA(t a ) B in 3 t.dti...dt r 

I7mj Jo JO F ' s=1 



< 



(7m)' 



7T /"TT 



sup ||A^ 1; ... itlr (f,x)\ 
o |u 4 |<EJ=i% 



< 



(7 



x J^J A(t s ) sin 3 Z s dti ... dt r 

s=l 

"V Jo JO V - =1 / p,a,fi g-i 



Hence, taking into account the assumptions of the theorem, we have 
K{f) P ,a,0 < 7 rr / ... / 2Z«i TT^(i s )sin 3 t s dti...di r 

I7mj JO JO / s= i 

C 4 M V / . . . / tj TT A(t s ) sin 3 t a <ft x . . . dt r 

■ 1 Kim) Jo JO s=1 



< 



Applying the standard evaluation of Jackson's kernel and making use of inequal- 
ity (I4.1[) we obtain 

E n (f)p,a,fi < C 5 Mm- x < C 6 Mn-\ 
Theorem 14.31 is proved. □ 



Theorem 4.4. Letp, a, j3, r and A be given numbers such that 1 < p < oo, r G N. 
Assume that 

a>l-—, /3>1-^- forl<p<oo, 
2p 2p 



a> 1, 



P > 1 /or p = oo; 



X> = 2nr,,.{\a-P\,a-\ + ^P-\ + ^ ) 



< A < 2r. 



If f E L p , Q)/ 8 and 



M 

E n (f)p,a,p < — r> 
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then 

where the constant C does not depend on f , M and S. 
Proof. Let P n {x) be the polynomial from V n for which 

\\f-Pn\\ p , ail} = E n (f) P ,*,0 (n = l,2,...). 
We construct the polynomials Qk(x) by 

Q k {x) = P 2 h{x) - P 2k -i{x) (fc = l,2,...) 
and Qo(x) = Pi(x). Since for k > 1 we have 

\\Qk\\p, a ,f3 = \\ P 2 - ■ P 2*- 1 || P)0l/ 3 ^ 11-^2* - f\\p,a,P + 11/ ~ P 2*-i ll p>a>/ g 

= #2* (/)p,a,/3 + S 2^-i (f)p, a ,p > 

then it follows from the assumptions of the theorem that 

\\Qk\\ p , a>l3 < CrM2- feA . 

It is obvious that without lost of generality we may assume that t s ^ (s = 1, 
. . . , r) . Next we estimate the quantity 

i=\\K,...,u(f^\\ p>a> , 

for < |i a | < 5 (s = 1, . . . , r). For every natural number iV, taking into account 
that the linearity of the operator T t (/, x) implies the linearity of T£ t (/, a;), 
i.e. the linearity of the difference AJ" t (f,x), we have 

J < H^,...^ (/ - + |K,... itr (P 2 «,x)|| piQ ^ . 

Since P 2 w(x) = X^fcLo QfcC 1 )) we S et 

N N 

I < IIA;,..^ (/ - P^,x)\\ + ^ K..^ := A + £ J fe . 



k=0 k=l 



Let TV be chosen so that 



( 4 - 2 ) £ < * < ^T- 
We shall show that 

(4.3) A < C 2 M(5 A 
and 

(4.4) 7 fe < C 3 M5 2r 2 k{2r - x) . 

Consider first the quantity A. Assume that r = 1. An application of Theorem l4.ll 

to the function = f(x) — P 2 n(x) gives 



A tl (/ - P 2 " , x) || p Q (3 = T tl (<p, x) - (p(x) 

Tt, ^ X )\\ p ^ + M^Wp.u.P < C*{\\<P\\ P ,a,p + ^ (7l+72) Mp, a - 7l ,p- j2 

+ S 2 ^\\ifi\\ R + ^(71+72+73) II II \ 

U rll P,«- 73,P— 73 ll ^ ll P,Q-7l-73,p-72 — T3 / 



for |£i| < S, where the numbers 71, 72 and 73 are chosen as in Theorem 14. II Hence, 
by Lemma 13.11 



A, 



(/ - P 2 N, X )\\ pa p < C 5 M(2- NX + ,5 2 (7i+72)2-JV(A-27l-272) 



+ ^273 2 -JV(A-27 3 ) _|_ j2(7i+72+7 3 )2-A'(A-27 1 -27 2 -273)^ 
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for A > Ao + e, where the constant C5 does not depend on /, M and 5. Here e is 
either equal to or is an arbitrary number belonging to the interval < e < i. 
Therefore, this inequality holds for any A > Ao- Finally, applying inequality (I4.2|) 
we get 

||A (i (f-P>tN,x)\\ pjatP < C 6 M2 NX < C 7 MS X . 

Thus inequality (|4.3p is proved for r = 1. 
Suppose that 



< C«M5> 



Then inequality (|4.2I) yields 



r-1 



Reasoning as above, i.e. applying first Theorem 14. II to the function 

A[ i :.U_ 1 (/-P 2 «,x), 

taking into account that by Corollary 13.21 ~ 1 t (P 2 n,x) is an algebraic poly- 
nomial of degree not greater than 2 N — 1, applying Lemma 13. 11 and finally inequal- 
ity (|4.2p . we obtain that 

A=\\U[ u ^ tr (f-P 2N ,x)\\ a g <C w 5\ 



Inequality (|4.3I) is proved. 

Now we prove inequality (|4.4D . Let 



It can be shown that 



2n(l-x*)J 



A(v)(R' v ) 



d 2 _j 



{A(y)R v - 2A'(v)R' v ) —A^. 1 .^ (Qk)Rv) 



+ A"(v)A r t -\ }tr i {Q k ,R v )^jdpdvdu, 



where R v = x cos v — yl — x 2 cos ip sin v, 



A(v) = 1 - Rl - 2 sin 2 v sin 2 <p + 4 (l - a; 2 ) sin 2 u sin 4 ip. 



Applying the estimates from Lemma l3.9l and performing the change of variables 
z = cos (p we obtain 

B{R V ) u dv du, 



\Mx)\ < 



C n 



where 



B(R V ) = (l-RlY 



l-x 2 



J-uJ-X 



[i-Ri 



&tl,...,t r -l (Qk,Rv) 

B 1 (R V )+B 2 (R V ) + B 3 (R V ). 
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Therefore, using the generalized Minkowski inequality, we get 



(4.5) I k = WkWWp,*,? < C n 
< C 12 tl sup 



\v\<t 
< 



J -u 
1 



1 



l-X 2 
3 



l-X 2 
1 



B(R V 



B(R V ) 



dz 



dz 



VT 



dv du 



p,ot,/3 



1 



VT 



6 i r 1 

Ci2t 2 r Y\ sup - / B^B*,) 



dz 



VT^T 2 



Next, applying first Lemma 13.101 to the function Bi(R v ), then Lemma [3.21 and 
finally inequality (14.2[) . we get for \v\ < \t r \ < 5 and k < N 



1-x 2 



B\(R V ) 



d:Z 



VT 



<Cl3 
| w |2(7l+72) 



273 



p,a— 7i,/9— 72 



+ M 2 ( 71 + 7 2+ 73 ) 



cfe 2 
d 2 
da; 2 



P,a-73,/3-73 



p,Q-7l-73,^-72-73 

< 6*14(1 + |x;| 2 (^i+'i' 2 )2 2 ' c ( 7l+72 ) + |w| 273 2 2fe73 + | w | 2 ( 7l + 72 + 7 3)2 2fc ( 7l+72+73 ^ 



X 



< c 15 n 

Similarly, applying first Lemma 13.101 then Lemma 13.21 and finally inequal- 
ity (|4.2j) we obtain 

• l 



1 



and 



l-x 2 



1 



1-a; 2 



B2\Rv) 



B3 (R v ] 



dz 



VT^T 2 



dz 



< Ci 



p,a,{3 



VT 



< c 
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A r-1 



_! (Qfc,a;) 



Now, from inequality (|4.5p and the fact that |i r | < <5 we derive the estimate 



4 < C 18 £ 2 



A 



r-1 
*i,...,t r 



Applying twice Lemma 13.21 we obtain the recurrence relation 



h = II A 
which yields 



2 2fe 



tl ,..., tl . (Qk,x)\\ pa p<C 18 5 2 2 



p,a-l,/3-l 



4 < C 19 £ 2r 2 2fe '- ||Q fe |l Q „ < C 20 M5 2 '-2 fe ( 2 '- A ). 



18 



M. K. POTAPOV AND F. M. BERISHA 



Inequality (|4.4p is proved. 

Now combining (|4.3|l . (|4.4I) and (|4.2p we finally get 

/ < C 21 M ^ + S 2r 2 fe(2r - A) ^J < C 22 M (s X + fr 2 N(2r-X)^ 

< C 23 M6 X . 

The proof of Theorem 14.41 is completed. □ 
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